Abstract A recent paper of A. Sofo proves some results about sums of products of quadratic alternating harmonic numbers and reciprocal binomial coefficients. In this paper, we extend his result to cubic alternating harmonic number sums and develop new closed form representations of sums of cubic alternating harmonic numbers and reciprocal binomial coefficients. Some interesting (known or new) illustrative special cases as well as immediate consequences of the main results are also considered.
Introduction
In a recent paper [12] , A. Sofo prove some results on sums of products of alternating quadratic harmonic numbers and reciprocal binomial coefficients of the form
for p = 0 or 1. The generalized n-th harmonic number of order k, H
n , is defined for positive integers n and r as ( [2, 3, 23, 24] )
where the empty sum H (m) 0
is conventionally understood to be zero, and H n := H
n . In this paper we will develop identities, closed form representations of alternating quadratic and cubic harmonic numbers and reciprocal binomial coefficients of the form: for p = 0 and 1. Here the notation {} p means that the sequence in the bracket is repeated p-times. The generalized sums of products of alternating harmonic numbers and reciprocal binomial coefficients W k (m 1 , m 2 , · · · , m r ; p) are defined by
where N := {1, 2, . . .} and N 0 := N ∪ {0} = {0, 1, 2, . . .}. While there are many results for sums of harmonic numbers with positive terms. Many harmonic number sums can be expressed in terms of a linear rational combination of classical Riemann zeta values and harmonic numbers. For example we know that [6, 22, 24] 
and from [11, 23] 
there are fewer results for sums of the type (1.4). Here the classical Riemann zeta function defined by ( [2, 3, 20] )
Some results for sums of (alternating) harmonic numbers may be seen in the works of [1, 4, 5, 7, 9, 10, [12] [13] [14] [15] [16] [19] [20] [21] [22] and references therein. Some explicit, and closely related results may also be seen in the well presented papers [11, 17, 23] . For example, in [23] , we give explicit formulas for the following type of Euler sums function
by using the method of partial fraction decomposition and integral representations of series. The purpose of the present paper is to establish closed form of harmonic number sums (1.3).
n , m ∈ N. In this paper, we will prove that the alternating quadratic and cubic harmonic number sums W k (1, 2; p) and W k ({1} 3 ; p) for p = 0, 1 can be expressed as a rational linear combination of products of single zeta values and multiple harmonic star sum of weight≤ 4 and depth ≤ 4. The main results of this paper as follow.
Theorem 1.1 For positive integer k, then the following identities hold:
We will prove Theorem 1.1 in section 3.
Theorem 1.2 For integer k ∈ N, we have
Proof. We consider the expansion
where
Taking a i = a + i in (1.10) we obtain
Furthermore, by using the equation (1.12) and the definition of binomial coefficient, letting a = 0, we have the following expansions
Hence, by a direct calculation we may easily deduce the desired result. This completes the proof of Theorem 1.2.
Some lemmas and theorems
The following lemma will be useful in the development of the main theorem 1.1.
Lemma 2.1 ( [23])
For integers m, k ∈ N and x ∈ [−1, 1), we have
where s (n, k) denotes the (unsigned) Stirling number of the first kind ( [8] ),
n−1 .
The Stirling numbers s (n, k) of the first kind satisfy a recurrence relation in the form
with s (n, k) = 0, n < k, s (n, 0) = s (0, k) = 0, s (0, 0) = 1. The generating function of s (n, k) is 
where Li p (x) denotes the polylogarithm function defined for |x| ≤ 1 by the series
Lemma 2.3 ( [11, 22] ) For integers n ≥ 1, k ≥ 0, then
stands for the complete exponential Bell polynomial defined by (see [8] )
From the definition of the complete exponential Bell polynomial, we have
n .
Lemma 2.4 ( [11])
For integer m ≥ 1, and −1 < x < 1 , then
Theorem 2.5 For any real x ∈ (−1, 1), then the following identity holds:
Proof. To prove identity (3.8), we consider the nested sum
By taking the sum over complementary pairs of summation indices, we obtain a simple reflection formula
Setting p = 1, m = 2, y = 1 in above equation we get
On the other hand, by the definition of polylogarithm function and Cauchy product of power series, we have
Then, substituting (3.11) into (3.10) yields
Hence, taking m = 2 in Lemma 2.4 and combining formula (3.12) we may deduce the desired result. The proof of Theorem 2.5 is thus completed. 
Proof. We note that the integral in (3.13) can be rewritten as
We use the elementary integral identity
Here (m) l = m(m − 1) · · · (m − l + 1). Then yields
Proof. First, by a direct calculation, we get
Then by applying the known result
Therefore, combining (3.18) with (3.19), we obtain the formula (3.17) . This completes the proof of Theorem 2.7.
Corollary 2.8 The following identities hold:
Proof. Taking m = 3 in Theorem 2.6 and Theorem 2.7, we have
From [6] we deduce that
Then substituting (3.24) into (3.9) with m = 3, p = 1, x = −1, y = 1 yields
Thus, combining formulas (3.22), (3.23) and (3.25) we obtain the results.
Corollary 2.9 For positive integer k, then we have
In [23] , we deduce the following identity 
